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Abstract We study the conchoid to an algebraic affine plane curve C from the 
perspective of algebraic geometry, analyzing their main algebraic properties. Beside 
C, the notion of conchoid involves a point A in the affine plane (the focus) and a non-
zero field element d (the distance). We introduce the formal definition of conchoid by 
means of incidence diagrams. We prove that the conchoid is a 1-dimensional algebraic 
set having at most two irreducible components. Moreover, with the exception of circles 
centered at the focus A and taking d as its radius, all components of the corresponding 
conchoid have dimension 1. In addition, we introduce the notions of special and sim-
ple components of a conchoid. Furthermore we state that, with the exception of lines 
passing through A, the conchoid always has at least one simple component and that, 
for almost every distance, all the components of the conchoid are simple. We state 
that, in the reducible case, simple conchoid components are birationally equivalent 
to C, and we show how special components can be used to decide whether a given 
algebraic curve is the conchoid of another curve. 
1 Introduction 
The notion of conchoid is classical and is derived from a fixed point, a plane curve, and 
a length in the following way. Let C be a plane curve (the base curve), A a fixed point 
Focus A 
Fig. 1 Left conchoid geometric construction. Right conchoid of a circle with focus on it 
in the plane (the focus), and d a non-zero fixed field element (the distance). Then, the 
conchoid of C from the focus A at distance d is the (closure of) set of points Q in the 
line AP at distance d of a point P varying in the curve C (see Fig. 1). 
Classically, conchoids are introduced for curves in the real affine plane, while in this 
paper the curves are considered in the affine plane over an algebraically closed field 
IK of characteristic zero. Throughout the paper, curves are considered reduced; that 
is, they are the zero set in K2 of non-constant square-free polynomials of K[yi, y2~\. 
Furthermore, for the definition of conchoid, we will assume that the base curve is 
irreducible, i.e., defined by an irreducible polynomial over IK. Also, if C is defined by 
the square-free polynomial f(yi, yi), when we speak about the components of C, we 
mean the curves defined by the non-constant irreducible factors (over IK) of f(yi, yi) 
The two classical and most famous conchoids are the Conchoid of Nicomedes 
(see Example 2 and Fig. 3) and the Limagon of Pascal (see Example 3, Fig. 1 right, 
Fig. 4) which appear when the base curve C is a line and a circle, respectively. Conchoid 
of Nicomedes was introduced by Nicomedes, around 200 B.C., to solve the problems 
of doubling the cube and of trisecting an angle. Conchoids play an important role in 
many applications as construction of buildings (one can already find specific methods 
for producing Limacons in Albert Dtirer's Underweysung der Messung), astronomy 
, electromagnetic research physics , optics , engi-
neering in medicine and biology , mechanical in fluid processing 
etc. 
Although conchoids have been extensively used and applied in different areas, 
a deep theoretical analysis of the concept and its main properties is missing; at 
least from our point of view. In this paper, we consider conchoids from the per-
spective of algebraic geometry, and we study their main algebraic properties, with 
the aim of building a solid bridge from theory to practice that can be used for further 
theoretical and applied developments. More precisely, we introduce the formal 
definition of conchoid of an irreducible algebraic affine plane curve, over an alge-
braically closed field of characteristic zero, by means of incidence diagrams. We also 
introduce the notion of generic conchoid, and we show how elimination theory tech-
niques, as Grobner bases, can be applied to compute conchoids. We prove that, with 
the exception of a circle centered at the focus A and taking d as its radius, the conchoid 
is an algebraic curve having at most two irreducible components. Note that for the 
particular circle, mentioned above, the conchoid consists of two components: a circle 
of radius 2d and the zero-dimensional set consisting of A. In addition, we introduce 
the notions of special and simple components of a conchoid. Essentially, a component 
of a conchoid is special if its points are generated by more than one point of the orig-
inal curve. This phenomenon appears when one computes conchoids of conchoids. 
Moreover we state that, with the exception of lines passing through the focus, the 
conchoid always has at least one simple component. Furthermore we prove that, for 
almost every distance and with the exception of lines passing through the focus, all 
the components of the conchoid are simple. Simple and special components play an 
important role in the study of conchoids. On one hand, simple components are related 
to the birationality of the maps in the incidence diagram (for instance, if a conchoid 
has two components, its simple components are birationally equivalent to the initial 
curve) and, on the other hand, special components can be used to decide whether a 
given algebraic curve is the conchoid of another curve. 
The notions of simple and special components are inspired in the case of offset 
curves Furthermore, many of the properties presented here follow a similar 
pattern to those proved . However, as it is shown in Lemma 1, the two geomet-
ric constructions (conchoid and offset) only coincides when the base curve is a circle 
centered at the focus. In the case of offsets, the establishment of these properties has 
allowed us to provide formulas for the genus and for developing parame-
trization algorithm . We plan to investigate this, for the case of conchoids, 
in our future research. For the reader not being familiar with offsetting processes, we 
recall here the intuitive idea of an offset. Given C as above and d e IK*, the offset to 
C at distance d is the (closure of) set of points Q in the normal line to C at P, and at 
distance d of P, where P is a point varying in the curve C. 
The paper is structured as follows. In Sect. 2, we formally introduce the notion of 
conchoid of an algebraic curve. In Sect. 3 we state the basic algebraic properties of 
conchoids. In Sect. 4, we introduce the notions of simple and special components and 
we state their main properties. Section 5 studies how simple components are related to 
the birationality of the maps in the incidence diagram, and Sect. 6 shows how special 
components can be applied to detect whether a curve is the conchoid of another curve. 
2 Definition of conchoid 
Let IK be an algebraically closed field of characteristic zero. In IK2 we consider the 
symmetric bilinear form B{{x\, X2), (yi, yi)) = xiyi +X2^2, which induces a metric 
vector space with light cone £ of isotropy 
[(xi,x2) e K 2 | x 2 + x\ = 0}. 
In this context, the circle of center (a\, a2) e K2 and radius d e K i s the plane curve 
defined by (xi - a\)2 + (x2 - a2)2 = d2. We will say that the distance between the 
points x, y e K2 is d e K if y is on the circle of center x and radius d. Notice that the 
"distance" is hence defined up to multiplication by ±1 . On the other hand, if x e l 2 
is not isotropic (i.e. x ^ £) we denote by ||x|| any of the elements in IK such that 
B(x, x), and if x e K2 is isotropic (i.e. x e £), then 0. In this paper 
we usually work with both solutions of \\x\\ = B(x, x). For this reason we use the 
notation ±||x||. 
In this situation, let C be the affine irreducible plane curve defined by the irreducible 
polynomial / (y ) e K[y], y = (yx, y2), letd e K* be anon-zero field element, and let 
A = (a, b) e IK2. In order to get a formal definition of the conchoid, one introduces 
the following incidence diagram: 
93(C) c K 2 x I 2 x K 
Tt\ ^/ ^\. it2 (Incidence Diagram) 
TTi(93(C)) c l 2 C c K 2 
where the conchoid incidence variety is 
93(C) (x, y, k) e 
and 
7Ti : K2 x K2 x 
ix,y,X) 
K2: 
x 
n2 : K2 x K2 x 
(x, y, X) 
K2 
y-
The first equation in 93(C) corresponds to C, the second guarantees that the distance 
between x and y is d, and the third expresses parametrically that x, y, A are collinear. 
Then, we introduce the conchoid as follows. 
Definition 1 Let C be an affine irreducible plane curve, d e IK*, and A e IK2. We 
define the conchoid of C from the focus A and distance d as the algebraic Zariski 
closure in IK2 ofn\ (93(C)), and we denote it by £(C); i.e. 
£ ( 0 = ^ (93(C)). 
Remark 1 Observe that 
1. [General assumption of the focus and the distance]. When A and d are not 
considered as parameters, and are just precise elements in K2 and K*, respectively, 
they can assumed to be, in a suitable system of affine coordinates, A = (0, 0) and 
d = 1. So, since this will almost always be the case, we will take w.l.o.g. A as the 
origin O, and d as 1. Whenever we will not use this assumption we will explic-
itly say so. Indeed, if d is generic, the conchoid will be denoted by £(C, d) (see 
Sect. 4), and when both, A and d, are generic, the conchoid will be denoted by 
€(C, A, d) (see Sect. 6). 
2. [General assumption on the isotropic lines through the focus]. £(C) = 0 iff 
23(C) = 0 iff C is one of two lines £ ± given by {y\ — a) ± v^T(y2 - b) = 0. 
So, in the sequel, we assume that C ^ C+ and C ^ C~. 
3. [Extension of the definition]. In Definition 1 we have considered irreducible 
curves. The same reasoning can be done for reducible curves, introducing the 
conchoid as the union of the conchoids of the irreducible components. 
4. [Computation of the Conchoid]. Let / be the ideal in K[x, y, X] generated by 
the polynomials defining 23(C). Then, by the Closure Theorem 
one has that £(C) = V(I n K[x]). Hence elimination theory techniques, such as 
Grobner bases, provide the conchoid. Also, one may consider the equation of the 
line in 23(C) given implicitly in order to have a system with one less variable 
(namely X). In this case, one has to take into account that, when A eC, the circle 
|| jc - A ||2 = d2 appears as a fake component of £(C), and thus it has to be crossed 
out. 
5. [Generic Conchoid]. one may introduce the notion 
of generic conchoid. Let us consider d as a new variable. Now, 23(C) is seen as 
an algebraic set in K2 x K2 x IK x K; we denote it by 23 (C)G- Then, the generic 
conchoid is defined as 
£(C)G = ^ I ( » ( C ) G ) . 
Now, if IG is the ideal in K[x, y, X,d] generated by the polynomials defining 
23(C)G, by the Closure Theorem (see [4, p. 122]), one has that £(C)G = V(IGn 
K[x,d]). 
, one gets that for almost all values o f r f e l * 
the generic conchoid specializes properly (see Example 1). An example where the 
specialization behaves improperly is when C is taken as a circle centered at A and 
d its radius (compare to Theorem 1). A similar reasoning might be done with a 
generic focus, nevertheless we do not consider this situation here. 
Let us illustrate the definition with two examples. 
Example 1 Let C be the parabola over C defined by f(yi, 3^ 2) = yi — y\, let A = 
(0 , -1) and d = 1/2. Then 23(C) is defined by 
f(y) = 0, (xi - yi)2 + (x2 - y2f =-, *i = A.yi, x2 = - 1 + X(y2 + 1). 
1. 5 
Fig. 2 yx = y\ (in dots) and £(C) with A = (0, — 1), and d = 1/2 (in continuous traced) 
Now, considering X > yx > y2 > X\ > X2, and computing a Grobner basis w.r.t. the 
lex order, one gets that £(C) is defined by (see Fig. 2): 
g(xi, x2) = l6x\ + ?lx\x\ + 1 6 4 4 + 32x2xf - 32x2xf + 24x^ - 24xfxf 
- 96x2x2 + 16xf - 8x2X1 - 120x2x| + 64xf + 25xf - 68x2xf 
• 924 + 48x| 12x^ — 8X2 16x2 
which is an irreducible curve over C. Similarly, one gets that £(C)G is given by 
2^2 ,2^2 £ G ( * I , * 2 , ^) = ~d + x | + 4 x j - 2x2Xj - 4 x 2 rf - 6x|xj - 6x|<i +6X3 
+ 8 x2x2 d2 - 8x2xf + 3x2<i2 + x4 + 4 xf - XjX4 - 6Xjxf 
+ 7x2X2<i2 2 Xj X2 d2 2x\ + 2xfx2 + 2x?d2 - 2x2x| 
~~r .Z X i Xo \ X1 Xo -^  Xo w X1 ~T~ .Z Xo w X i ~T~ Xo Xo w 
2x^d2 + x ^ + x ^ 4 4x|d 2 . 
Note that gG(x, 1/2) = g(x). 
In the following example, we take C as a line such that A g C, obtaining the well 
known Conchoid of Nicomedes. 
Example 2 (Conchoid of Nicomedes) Let C be the line defined by / (y i , y2) = yi, 
A = (0, 1) and d = 2. Then, £(C) is defined by (see Fig. 3): 
g(xi, x2) = xfx2 + x\ - 2x\ - 3xf + 8x2 - 4. 
We finish the section studying the connection of conchoids to offsets (see [1] for 
further details on offsets). We represent the offset to C at distance d as Od{C). 
Fig. 3 Conchoid of the line y2 = 0 with A = (0, 1) and d = 2 
Lemma 1 Let C be a real irreducible curve, and d e R*. Then, £(C) = Od(C) if 
and only ifC is a circle centered at the focus. Hence, in this case, the l-dimensional 
components of £(C) are also circles. 
Proof If C is a circle centered at the focus the result is obvious. Reciprocally, if 
£(C) = Od(P), 
3 Basic properties of conchoids 
In this section we state the first basic properties on conchoids. For this purpose, let 
C be an irreducible affine plane curve and f(y) its defining polynomial. Moreover, 
with the exception of Example 3, we assume w.l.o.g. that the focus A is the origin 0 
and d = 1 (see Remark 1 (1)), and that C is none of the isotropy lines C+, C~ (see 
Remark 1 (2)). We start analyzing the projections appearing in the incidence diagram 
(see Sect. 2). 
Lemma 2 Let it\, TZ^ be the projections in the incidence diagram. 
(1) Tt\ is, at most (2 : 1), over all points inni(*B(C))\{0}. 
(2) If O e n\ (55(C)), and C is not the unit circle centered at O, then 
Card(7r1-1(0)) <2deg(C). 
(3) 7t2 is (2 : 1) over all points inC\{C+ U C~}. 
Proof (1) Let x° e TTI($8(C)) \{0} . Then, n^l{x°) is included in the intersection 
of the circle ||y - x°||2 = 1 with the line x° = Xy (note that x° ^ O and hence 
it is a line). Thus, by Bezout's theorem, Card(7r1~1(x0)) < 2. 
(2) Let O e TTI (25(C)). Then, n^{0) C {(O, y, 0) | f(y) = 0, ||y||2 = 1}. So, 
since C is irreducible and it is not the circle ||y||2 = 1, by Bezout's theorem, 
Card(7r1-1(0)) <2deg(C). 
(3) I*tfeC\{C±}.So\\f\\?OmAjr^\f) = {(kf,y0,k)\k = l ± ^ } . 
Remark 2 Note that, by Lemma 2 (3), jr2(25(C)) = C \ { £ + U £ - } . 
The following theorem essentially states that the conchoid is a curve with at most 
two irreducible components. 
Theorem 1 (1) All the components o/25(C) have dimension 1. 
(2) If C is not the unit circle centered at O, all the components of £(C) have 
dimension 1. 
(3) If C is the unit circle centered at O, £(C) decomposes as the union of{0} and 
the circle centered at 0 and radius 2. 
(4) £(C) has at most two components. 
Proof (1) ByassumptionC ^ £ ± .So 23(C) ^ 0. Let r be an irreducible component 
of25(C).ByLemma2(3),dimCT) < dim(C) = 1. Now let M e T,P = JT2(M) 
andP(f) = (Pi(t), P2(f))aplaceofCcenteredatP.LetZi(f) = Pi(tf+P2(t)2, 
and 
c±u)
 = ( ( 1 ± 7 z ) T O - m i ± 7 l ) ' 
By Remark 2, \\P\\ ^ 0. So Q±{t) parametrizes locally two curves contained in 
25(C) and passing through each of the two points (see Lemma 2 (3)) in JT2~1(P), 
respectively. Thus, dim.T > 1. So, dim(.T) = 1. 
(2) follows as (1), using that it\ is finite (see Lemma 2). 
(3) It is trivial. 
(4) The reasoning is analogous to Theorem 1 in [10], using Lemma 2. 
Next lemma follows from Lemma 2, Theorem 1, and the theorem on the dimension 
of fibres 
Lemma 3 Let it\, 7t2 be the projections in the incidence diagram, and let Q, Q* be 
non-empty open subsets ofC and of a 1-dimensional irreducible component o/£(C), 
respectively. Then, 
(1) it\{it^ x{£2))is a non-empty Zariski dense subset of £(C). 
(2) Tt2{ityX (X2*)) is a non-empty Zariski dense subset ofC. 
Proof (1) 7t~l{^2) = 25(C). So 7ri(7r2_1(J2)) is constructible in £(C). 
(2) Let M be a 1-dimensional irreducible component of £(C), and Q' = X2* n 
n\(25(C))). Since dim(Al) = 1 and it\ is finite (see Lemma 2), there exists an 
irreducible component r c n^l{Q') of dimension 1. Since 7t2 is finite (see 
Lemma 2), and dim(C) = 1, then dim(7T2(^)) = 1. Thus, (2) follows from 
7t2(r) c Tt2{n^1 {Q')) c Tt2{n^1 {f2*)) c C and using thatC is irreducible. 
Fig. 4 Circle centered at (0, 0) 
and radius r = 2 (in dots), and 
its conchoid from the focus 
(—2, 0) and radius d = \ 
(continuous traced) 
Example 3 (Limacons of Pascal) Let C be the circle centered at (0, 0) and radius 
r = 2. Then, the conchoid of C with A = (-2, 0) e C and d = 1 (Limagon of Pascal 
at distance 1, see Fig. 4), is defined by the polynomial: 
g(xi,x2) =x\ + 2xlx\ 9x\ - 4xi - 9x1 12 v2. 
On the other hand, if we move the focus to A = (0, 0) £ C, one observes that 
the conchoid at distance d = 1 has two irreducible components (two circles cen-
tered at A and radius 1 and 3, respectively) defined by the irreducible factors of 
{x\ — 9 + x\) • {x\ — 1 + x |) . Note that, in this case, £(C) is the offset of C at distance 
d = 1 (see Lemma 1). 
4 Simple and special components 
We use the same notation and assumptions as in Sect. 3: C is irreducible, defined by 
f(y), and C ^ £ + , C ^ C~. As before, we take w.l.o.g. A = O and d = 1. Also we 
assume w.l.o.g. that C is not the unit circle centered at O (see Theorem 1). However, 
in Lemma 4 and Theorem 4, d will be generic. So, in these statements the conchoid 
will be denoted by £(C, d), instead of £(C), in order to emphasize this fact. 
In this section, we introduce and analyze the notion of simple and special com-
ponents of a conchoid. Special and simple components provide information on the 
birationality of the projections in the incidence diagram (see Sect. 5), and they can be 
used to decide whether a curve is a conchoid (see Sect. 6). Essentially, one component 
of the conchoid is special if its points are generated for more than one point of the 
original curve. This phenomenon appears when one computes conchoids of conchoids 
(see Theorem 2). In addition, Theorem 4 states that, for almost every distance and with 
the exception of lines passing through the focus, all the components of the conchoid 
are simple. 
Definition 2 An irreducible component M of£(C) is called simple if there exists a 
non-empty Zariski dense subset £2 c M such that, for Qe£2, Card(712 (TTJ- 1 (Q))) = 1. 
Otherwise M is called special. 
Remark 3 M is special iff there exists a Zariski dense 0 ^ £2 c *M such that for 
0 e X2, C a r d ^ T r " 1 ^ ) ) ) > 1. Moreover, since M \ (£+ U £") ^ 0, the above 
£2 can be taken as M \ (£+ U £") . 
Proposition 1 Tjf A4 w an irreducible component of£(C), then C c CCM). 
Proo/ Let Mo := M\ C±, and 7t[, 7T* be the projections in the incidence diagram 
of C and M, respectively. By Lemma 3 (2), C\ := TT^CT^CMO)) is a non-empty 
Zariski dense in C; observe that C is not the circle ||y||2 = 1, so dimCM) = 1. Now, 
for P eCu there exist go e M0 and X0 e IK such that (go, P, A.o) e 55(C). Since, 
Q i ^ t h e n X o ^O.So(P , QOAQ1) e 95CM).Thus,Ci c 7r*(95CM)), and taking 
closures C c £{M). • 
Remark 4 Note that, by Proposition 1 and Lemma 1, if C is not a circle centered at the 
focus, then for every d eK* none component of the conchoid of C is a circle centered 
at the focus. 
Next theorem shows that, similarly as in the offsetting construction 
special components appear only when computing conchoids of conchoids. 
Theorem 2 An irreducible component M of£(C) is special iff£(M) = C. 
Proof Let M be special and £2 as in Remark 3. By Proposition 1, C c £{M). To see 
that £ (M) C C, let iti and it* the projections in the incidence diagram of C and M, 
respectively. Let £2* = TT* {TT^_1 (£2)) C £{M), which is dense by Lemma 3. For 
P e £2* \ [O], there exists g e £2 (in particular g ^ O) and X0 e K such that 
(P, g, A.0) e 93CM). Let I? be the circle ||y - g| |2 = 1. Now, since g e fi, 
there exist Pi, P2 e C, Pi ^ P2, and A.i, A2 e IK such that (g , P , A.;) e 93(C). So 
Q, Pi, P2, P, 0 are collinear and P, Pi, P2 e V. Then, P e {Pi, P2} c C. Thus, 
£2* \ {0} c C, and taking closures £(M) C C. 
Conversely, let X2 = M \ (£* U {P / | |P| |2 = 1}). By Remark 4, £2 ^ 0 and 
dense in A l Let P e £2, then P ^ 0 . By Lemma 2 (3), there exist g i , g 2 e £(M), 
Q\ ^ 22, andA.i,A.2 e K , with (2; , P, A.;) e 95CM). Since | |P| |2 ^ 1 then A; ^ 0. 
Thus, since £{M) = C, (P, Qt, A"1) e 95(C), and hence Card(7r2(7r1"1(P)) > 1. 
• 
We illustrate the previous results by an example. 
Example 4 Let C be the unit circle centered at O. First, we compute £(C), with focus 
at A = (-1,0) and distance d = 2 obtaining a Limacon of Pascal, defined by the 
polynomial: 
g{x\,X2) = x\ +2x1x1 - 6x2 - 8x1 - 6xf - 3 + x\. 
Note that we get a cardioid; let us denote it as C (see Fig. 5 left). 
Fig. 5 Left circle centered at (0, 0) and radius r = 1 (in dots), and its conchoid from the focus (—1, 0) 
and radius d = 2 (cardioid). Center cardioid (in dots), and its conchoid from the focus (—1,0) and radius 
d = 2 (continuous traced). Right cardioid (in dots), and its conchoid from the focus (—1, 0) and radius 
d = 1 (continuous traced) 
Now, we compute the conchoid of the cardioid C from the same focus A = (—1,0) 
and the same distance d = 2. In this case, one gets a reducible curve, say C , with two 
irreducible components defined by the irreducible factors of: 
{x\ + x\ - \){x\ + 2xlxl - 18x^ - 3 2 X I - 18xf - 15 + 4 ) . 
Note that, one component of C is the initial circle C (and therefore it is a special 
component of C ; see Theorem 2), and the other component is a Limacon of Pascal 
of C from the focus A and distance d = 4. See Fig. 5 center. On the other hand, the 
conchoid of C , from the focus A but now taking distance d = 1, decomposes as the 
union of two irreducible components defined by the irreducible factors of the equation: 
{x\ + 2x\x\- \\x\ - 18xi - l l x f - 8 + 4 ) 
{x\ + 2x\x\ - 3 4 - 2 x i - 3 x ^ + x^), 
which correspond to two Limacons of Pascal of C from the focus A at distance d = 3 
and d = 1 respectively; see Fig. 5 right. 
Next theorem states the main property of the components of a conchoid. 
Theorem 3 If C is not a line through the focus, then £(C) has at least one simple 
component. 
Proof Since C is not a line through O, we may assume that C meets the yi-axis 
£ in a point P = (c, 0) with c ^ 0. Since C n C is finite and IK has characteris-
tic zero, the set B = [n e Z / (c + n, 0) e C} is finite. Let «o = max(fl), then 
Q = (c + «o + 1, 0) e €{C). Furthermore, the component of £(C) passing through 
Q is simple, since otherwise (c + «o + 2, 0) e C that contradicts the definition of no. 
• 
Corollary 1 If C is not a line through the focus, and £(C) is irreducible, then £(C) is 
simple. 
Remark 5 If C is a line through the focus, then €{C) is irreducible and special. So 
€{C) = C. 
Corollary 2 The only curves whose conchoids are irreducible and special are the 
lines through the focus. 
In the following two results, d is treated generically. So, we use the notation €{C, d), 
instead of £(C), to emphasize this fact. 
Lemma 4 IfC is not a line through the focus, there exist at most finitely many d eK* 
for which all the conchoids €{C, d) have a common component. 
Proof Let D c K* be an infinite set, and M an irreducible component of €{C, d) for 
every d e D. Let d\,..., dr+\ e D such that df ^ d2-, Wi ^  j , where r = deg(C). 
LetX2 = H[=i ni,i (n2i (^)) n (M \{0}), where JTIJ, 7T2j are the projections of the 
incidence diagram of €{C, di). Since M is irreducible, by Lemma 3, Q is anon-empty 
Zariski dense of M. Now, let Q e £2, and £ the line passing through Q and O; note 
that Q ^ O. Because of thedefinition of incidence variety, for every/ e {1, . . . , r + l ) 
there exists Pi eC such that Pi e £ and \\Q — Pi \\2 = df. Moreover, since df ^ d1,, 
then Pi ^ Pj ifi ^ j.Thus, Card(£nC) > deg(C) andhenceC = £, in contradiction 
with the hypothesis. 
Theorem 4 If C is not a line passing through the focus, for almost every distance 
d e K* all the components of£(C, d) are simple. 
Proof Let D c K* be an infinite set such that, for d e D, €{C, d) has a special 
component. Let r = deg(C), 5 := 1 + (r2), and d\,..., ds e D such that: df ^ d1,, C 
is not a component of €{C, di), and Mi ^ Mj being Mi the special component of 
€(C, di); this is always possible because of Lemma 4. Let £2i$ = Mi \ {C^}, as in 
Remark 3, let C0 = C\ {£±}, and let 
Ai = (Mi \ fli,0) U (Mi n C) \J(Mi n Mj). 
Since Mt,C are irreducible, Mi ± Mj, Mi ^ C, C £ £ ± , and Mi j - C±, 
A := Uf=i ^ i u (C \ Co) is a finite set. We take a line £ passing through O and such 
tha t (£ \{0})nz i = 0.Let Qt e Cntt^fori e { 1 , . . . , 5}; in particular, Qt ^ O. 
By construction Card ({Q\,..., 2^}) = 5. Since A4; is special, there exist P/, Pj e C, 
P[ ^ P;, such that || 2 ; - P/1|2 = || 2; - P ||2 = ^
 and 2; , p , P/ e £. Let Ci be the 
circle centered at <2t and radius d;. So, we have 5 different circles with all the centers 
at £. This implies that Card(£ f | L i Q)>r+ 1. Moreover £ n Q = {P, P/} c C. 
Thus Card(£ nC) > r + 1, and hence C = £, in contradiction with the hypothesis. 
5 The role of simple components 
Simple components play an important role, from the theoretical point of view, in the 
study of conchoids. Essentially, they provide information on the birationality of the 
maps in the incidence diagram, and hence they open the door for studying, in further 
research, algebraic and geometric properties of the conchoids. 
Lemma 5 Let n\, 7t2 be the projections in the incidence diagram of C, and M an 
irreducible component of£(C). 
(1) If €(C) is reducible, the restricted map JT2\JT-II-M) :n^l{M) —> C is biration-
al. 
(2) The restricted map n\\n-\,M) : n^l{M) —> M is birational iff M is simple. 
Proof (1) follows using Theorem 1(1), that ensures that all components of 58(C) 
have dimension 1, and by Lemma 2 (3), that ensures that Jt2 is generically (2:1). 
(2) follows from the notions of simple component and birational map. 
From this lemma, one directly deduces the following corollary. 
Corollary 3 Let C be such that £(C) is reducible. Then, the simple components of 
€{C) are birationally equivalent to C. 
In the following example we illustrate these results. 
Example 5 Let C be the plane curve defined by 
f(yuy2) = -^ + 9yi2 + 9y22 + 2y2-Ay2A-AylA-^yl2y22. 
Let A = (0, -1 ) and d = 1/2. The conchoid of C from A at distance d decom-
poses as M U J\f where N is defined by N(x) := x\ + xf - 1 and M by M(x) := 
xi4 + 2x22xi2 - 3xi2 - 3x22 - 2x2 + X24. Af is special and M is simple. The 
incidence variety decomposes as A U r^ where A := n^l{N) and A := n^l{M). 
By Lemma 5 (2), it\\r2 : A —> M is birational and it\\r2 : A —> N is not. 
Indeed, we can find a rational inverse 
(Ttiln)-1 : M ^y A 
xi ( x i 2 - 6 + x 2 2 - 4 x 2 ) x22 - 4x2 + xi2 - 2 
( 4(x2 + 1) 
-4X2 - 4 
xf - 6 + Xj - 4x2 ) 
Thus, by Corollary 3, 
cp: M -^C 
x h ( X i ( x i 2 - 6 + x 2 2 - 4 x 2 ) x 2 2 - 4 x 2 + x i 2 - 2 \ 4(x2 + 1) ~ " ~^~ J 
is birational (i.e. <p = n2\r2 ° (^l\r2) *)• In fact, w e c a n And a rational inverse 
P - 1 :C —• M 
y ( 
yi (3 + 8y2 + 4yi 2 + 4};22 
8(y2 +1 ) 
5 1 
y2
~8 + 2 n 2 H 
6 Detecting conchoids 
In this section, we show how special components can be used to decide whether a 
given irreducible plane curve V is the conchoid of another curve. So, both the focus 
A and the distance d are treated generically, and hence we will denote the conchoid 
by €{C, A,d), instead of £(C), in order to emphasize this fact. 
First observe that one can always find a curve C, and A e K2, d e K* such that 
V is a component of €{C, A, d). For this purpose, one simply has to take C as an 
irreducible component of €{T>, A, d). Then, by Proposition 1, V c €{C, A, d). So, 
we are now interested in deciding whether there exist A e K2, d e K* and C such 
that V = €{C, A, d). By Theorem 2, this is equivalent to decide whether there exist 
A e K2, d eK* such that €(J>, A, d) has a special component; if so, C is the special 
component. We proceed as follows. 
Finding the focus. Let g(x) be the defining polynomial of V, and A = (a, b) where 
a,b are unknowns. We consider a line C passing through A and a generic point 
2 = (zi, Z2), expressed parametrically as L(t) = A + t(Q - A). Now, we take two 
different points P\ := L{t\), P2 := Lfe) on C, and we consider the algebraic set 
S (a,b,zi,Z2,h,t2,co) e 
Eqi 
Eq2 
Eq3 
Eq4 
g(L(h)) = 0 
g(L(t2)) = 0 
WUh) - Q\\2 = \\L(t2) - Q\\2 
v(h-t2) = 1. 
Eqx and Eq2 ensure that P\, P2 e 2?, Eq3 requires that Pi, P2 are on the same cir-
cle centered at Q, and Eq4 guarantees that Pi ^ P2. Therefore, if it : K7 ->- K2 
is the projection 7T(A, ft, zi, z2, fi, f2, a>) = (a, ft), then the possible focuses A, such 
that there exists d for which €{T>, A, d) has a special component, belong to TT{S); 
i.e., belong to V(I n K[a, ft]), where / is the ideal generated by {Eq1 ; . . . , Eq4) 
Example 6 Let V be the line defined by g{x\, x2) = X xi + \i x2 + p. Then, 
Eqx 
Eq2 
Eq3 
Eq4 
= X (a + h (zi -a)) + 11. (b + t\ (z2 -b)) + p 
= X (a + t2 (zi -a)) + fi (b + t2 (z2 -b)) + p 
= {a + h (zi - a) - zi)2 + (ft + fi (z2 -b)-z 
-{a + t2 (zi - a) - zi)2 - (ft + t2 (z2 - ft) -
= a ) ( r i - r 2 ) - i . 
z2y 
z2y 
Moreover, 
{n b + A a + p, A z\ + \x z2 + P, (-Z2 + b)2 (ti + t 2 - 2), (-z2 + bf ( - 2 « + 1 + 
2 &>?2) 7 <wfi — <i>h — 1} 
is a Grbbner basis of {Eqx , . . . , Eq4} w.r.t. lexorder, with &> > t\ > t2 > zi > z2 > 
a > b. Hence the possible focuses (a, b) satisfy /xb + la + p = 0; i.e., they are on 
the line V. Indeed all of them are valid (see Remark 5). • 
Detecting conchoids. Let V, g(x), L, Eq x , . . . , Eq4 be as above. We want to decide 
whether I? is a conchoid from a given focus A = (a,b). For this purpose, we decide 
whether there exists d eK* such that €(J>, A, d) has a special component. 
Let L*, Eq^, . . . , Eq4 be the polynomials obtained specializing at A the polyno-
mials L, Eq 1 ; . . . , Eq4. Let S* c K5 be the algebraic set defined by {Eq^,..., Eq4}, 
let JT* := K5 ->- K2 where n*(zi, zi, h, t2, &>) = (zi, zi), and let /* be the ideal 
generated by {Eq^,..., Eq4}. Reasoning similarly as in the previous subsection, one 
deduces that the algebraic Zariski closure 
H := 7t*(S*) = V(I* nK[zi, z2]) 
contains the special components of €{T>, A,d). Thus, for each irreducible component 
H we compute its generic conchoid (see Remark 1) to afterwards checking whether 
for some d e K* we get V. 
Note that TL may also contain the curve defining the geometric locus of those points 
Q such that the intersection of I? with the line passing though A, Q contains two points 
Pi, P2 with || Pi - Q || = || P2 - Q ||. On the other hand, we also know that the generic 
conchoid specializes properly for all values of d, but finitely many exceptions. These 
exceptions can be determined, but the computation may be too heavy. 
Example 7 Let V be defined by g(x) = x\A + 2x22x\2 — 9x\2 — Ax\ — 9x22 + 
12 + x24 and A = ( -2, 0). Computing a Grbbner basis of the ideal /* generated 
by {Eqj , . . . , Eq4} w.r.t. lexorder, with co > t\ > t2 > z\ > z2, we get that TL := 
V(/*nK[zi, z2]) decomposes as the union of the circle Hi defined by - 4 + z i 2 + Z22 
and the quartic H2 defined b y - 4 - 4 z i + 1 5 z i 2 + 1 6 z i 3 + 4 z i 4 - z 2 2 + 1 6 z22Zi + 
8 z22z\2 + 4z24. The generic conchoid €{TL\, A, d) is given by 
G(x,d) = - 8 x i 2 - 8 x 2 2 -4d2+ 1 6 - 4 x i d 2 + xi4 
+2x 2 2xi 2 - x2d2 - x2d2 + x2. 
Solving the algebraic system in d provided by g(x) = G(x, d) one gets that d = ±1 . 
Indeed V = €{TL\, A, 1). Performing the same computations with TL2 one gets that 
V is not a conchoid of TL2. 
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